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Abstract. For a partially ordered set P, we denote by Co(P) the lattice of 
order-convex subsets of P. We find three new lattice identities, (S), (U), and 
(B), such that the following result holds. 

Theorem. Let L be a lattice. Then L embeds into some lattice of the form 
Co(P) iff L satisfies (S), (U), and (B). 

Furthermore, if L has an embedding into some Co(P), then it has such 
an embedding that preserves the existing bounds. If L is finite, then one can 
take P finite, with 

\P\ < 2| J(L)| 2 - 5| J(L)| +4, 
where J(L) denotes the set of all join-irreducible elements of L. 

On the other hand, the partially ordered set P can be chosen in such a way 
that there are no infinite bounded chains in P and the undirected graph of the 
predecessor relation of P is a tree. 



1. Introduction 

For a partially ordered set (from now on poset) (P, <), a subset X of P is 
order-convex, if x < z < y and {x,y} C X implies that z £ X, for all x, y, 
z G P. The set Co(P) of all order-convex subsets of P forms a lattice under inclu- 
sion. This lattice is algebraic, atomistic, and join-semidistributive (see Section[21for 
the definitions) , thus it is a special example of a convex geometry, see P. H. Edel- 
man P. H. Edelman and R. Jamison [B], or K.V. Adaricheva, V. A. Gorbunov, 
and V.I. Tumanov |2]. Furthermore, it is 'biatomic' and satisfies the nonexistence 
of so-called 'zigzags' of odd length on its atoms. Is is proved in G. Birkhoff and 
M. K. Bennett |3] that these conditions characterize the lattices of the form Co(P). 

One of the open problems of [2] is the characterization of all sublattices of the 
lattices of the form Co(P). 

Problem 3 of 2 for Co(P). Describe the subclass of those lattices that are 
embeddable into finite lattices of the form Co(P). 
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In the present paper, we solve completely this problem, not only in the finite case 
but also for arbitrary lattices. Our main result fTheorcm l6.7|l is that a lattice L can 
be embedded into some lattice of the form Co(P) iff L satisfies three completely 
new identities, that we denote by (S), (U), and (B). Furthermore, P can be taken 
either finite in case L is finite, or tree-like (see Theorem l7.7ll . 

This result is quite surprising, as it yields the unexpected consequence (see Corol- 
lary I6.9JI that the class of all lattices that can be embedded into some Co(P) is 
a variety, thus it is closed under homomorphic images. However, while it is fairly 
easy (though not completely trivial) to verify directly that the class is closed under 
reduced products and substructures (thus it is a quasivariety) , we do not know any 
direct proof that it is closed under homomorphic images. 

One of the difficulties of the present work is to guess, for a given L, which 
poset P will solve the embedding problem for L (i.e., L embeds into Co(P)). The 
first natural guess, that consists of using for P the set of all join-irreducible elements 
of L, fails, as illustrated by the two examples of Section [S] We shall construct P 
via sequences of join- irreducible elements of L. In fact, we are able to embed L into 
Co(P) for two different sorts of posets P: 

(1) P is finite in case L is finite; this is the construction of Section|Hl 

(2) P is tree-like (as defined in Sectional); this is the construction of Section0 

The two requirements (1) and (2) above can be simultaneously satisfied in case L 
has no D-cycle, see Theorem 17. 7f iii). However, the finite lattice L of Example 18.21 
can be embedded into some finite Co(Q), but into no Co(P), where R is a finite 
tree-like poset, see Corollary 110.61 It is used to produce, in Section a quasi- 
identity that holds in all Co(R), where R is finite and tree-like (or even what we 
call 'crown- free'), but not in all finite Co(P). 

We conclude the paper by a list of open problems. 

2. Basic concepts 

A lattice L is join-semidistributive, if it satisfies the axiom 

x\/ y = x\/ z ^ x\/ y = xV {y f\ z), for all x, y, z G L. (SD V ) 

We denote by J(L) the set of join- irreducible elements of L. We say that L is 
finitely spatial (resp., spatial) if every element of L is a join of join-irreducible 
(resp., completely join- irreducible) elements of L. 
We say that L is lower continuous, if the equality 

oV f\X = f\(aV X) 

holds, for all a G L and all downward directed ICL such that /\ X exists (where 
a V X = {a V x \ x E X}) . It is well known that every dually algebraic lattice is 
lower continuous — see Lemma 2.3 in P. Crawley and R. P. Dilworth 0], and spatial 
(thus finitely spatial) — see Theorem 1.4.22 in G. Gierz et al. 9 or Lemma 1.3.2 in 
V. A. Gorbunov [TU|. 

For every element x in a lattice L, we put 

[x = {y G L | y < x}; ]x = {y G L | y > x}. 

If a, b, c G L such that a < b V c, we say that the (formal) inequality a < b V c is 
a nontrivial join-cover, if a ^ b, c. We say that it is minimal in b, if a ^ x V c, for 
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all x < b, and we say that it is a minimal nontrivial join-cover, if it is a nontrivial 
join-cover and it is minimal in both b and c. 

The join- dependency relation D — Dl (see R. Freese, J. Jezek, and J.B. Na- 
tion [7]) is defined on the join-irreducible elements of L by putting 

p D q, if p ^ q and 3x such that p < q V x holds and is minimal in q. 

It is important to observe that p D q implies that p ^ q, for all p, q 6 3(L). 

For a poset P endowed with a partial ordering <, we shall denote by <J the 
corresponding strict ordering. The set of all order-convex subsets of P forms a 
lattice under inclusion, that we shall denote by Co(P). The meet in Co(P) is the 
intersection, while the join is given by 

XVY = XUYU (J{z e P I 3(x, y) £ (X x Y) U (Y x X) such that x < z < t/}, 

for all I, Fe Co(P). Let us denote by -< the predecessor relation of P. We say 
that a path of P is a finite sequence d = (xq, . . . , x n -\) of distinct elements of P 
such that either Xi ~< Xj+i or Xj+i -< a^, for all i with < i < n — 2; if n > 0, we say 
that d is a path from xq to x n —i. We say that the path d is oriented, if Xi -< Xj+i, 
for all i with < i < n — 2. We say that P is tree-like, if the following properties 
hold: 

(i) for all a < 6 in P, there are n < uj and ceo, . . . , a; n £ P such that 
a = £o -< ~< ■ ■ ■ -< %n = b; 

(ii) for all a, b G P, there exists at most one path from a to 6. 

3. Dually 2-distributive lattices 

For a positive integer n, the identity of n-distributivity is introduced in A. P. 
Huhn [12] . In this paper we shall only need the dual of 2-distributivity, which is 
the following identity: 

a A (x V y V z) = (a A (x V y)) V (a A (x V z)) V (a A (y V z)). 

We omit the easy proof of the following lemma, that expresses how dual 2-distributivity 
can be read on the join-irreducible elements. 

Lemma 3.1. Let L be a dually 2-distributive lattice. For all p 6 3{L) and all a, b, 
c £ L, if p < a V b V c, then either p < a V b or p < a V c or p < 6 V c. 

We observe that for finitely spatial L, the converse of Lemma \'S . II holds . 
The following lemma will be used repeatedly throughout the paper. 

Lemma 3.2. Let L be a dually 2-distributive, complete, lower continuous lattice. 
Let p £ J(L) and let a, b £ L such that p < a V b and p ^ a,b. Then the following 
assertions hold: 

(i) There are minimal x < a and y < b such that p < x V y. 

(ii) Any minimal x < a and y < b such that p < x V y are join-irreducible. 

Proof, (i) Let X C [a and Y Q [bhe chains such that p < x V y, for all (x, y) £ 
X x Y. It follows from the lower continuity of L that p < (J\ X) V (A Y). The 
conclusion of (i) follows from a simple application of Zorn's Lemma. 

(ii) From p ^ a, b it follows that both x and y are nonzero. Suppose that 
x = xq V x\ for some xq, x\ < x. It follows from the minimality assumption on x 
that p xq V y and p ^ XiVy, whence, by Lemma l3~Tl p < xo V x\ , thus p < x < a, 
a contradiction. Hence x is join-irreducible. □ 
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For p, a, b £ J(L), we say that (a, b) is a conjugate pair with respect to p, if 
p ^ a, 6 and a and b are minimal such that p < a V 6; we say then that 6 is a 
conjugate of a with respect to p. Observe that the latter relation is symmetric in a 
and 6, and that it implies that p D a and p D b. 

Notation 3.3. For a lattice L and p £ J(£), we put 

[p} D = {xe J(L) \ P Dx}. 

Corollary 3.4. Let L be a dually 2- distributive, complete, lower continuous lattice, 
and let p £ J(P). Then every a £ [p] D has a conjugate with respect to p. 

Proof. By the definition of join-dependency, there exists c £ L such that p < a V c 
and p ^ i V c, for all x < a. By Lemma |3.2I there are a' < a and b < c minimal 
such that p < a' V 6, and both a' and & are join-irreducible. It follows that a' = a, 
whence & is a conjugate of a with respect to p. □ 



4. Stirlitz, Udav, and Bond 

4.1. The Stirlitz identity (S) and the axiom (Sj). Let (S) be the following 
identity: 

a A (6' V c) = (a A 6') V \/ (a A (& 4 V c) A ((6' A (a V bi)) V c)J , 

i<2 

where we put 6' = o A (bo V 

Lemma 4.1. TTie Stirlitz identity (S) ZioZrfs m Co(P), /or any poset (P, <). 

Proof. Let A, P, P , Pi, C £ Co(P) and a £ A n (P' V C), where we put B' = 
B n (Po V Pi). Denote by D the right hand side of the Stirlitz identity calculated 
with these parameters. If a £ B' then a £ AnB' CD. If a £ C then a £ AnC C D. 

Suppose that a ^ B'UC. There exist 6 £ P' and c £ C such that, say, 6 < a < c. 
Since 6 £ P VPi, there are i < 2 and 6' £ P 4 such that 6' < 6, hence a £ An(B l VC). 
Furthermore, 6 £ P' n (A V P*), thus a £ (P' H (A V P;)) V C, so a £ P. □ 

Lemma 4.2. TTie Stirlitz identity (S) implies dual 2-distributivity. 

Proof. Take &o = x, &i = y, 6 = x V y, and c = z. □ 

Let (SDy) be the following identity: 

x V (y A z) = x V (y A (x V A (x V y)))). (SD^) 

It is well known that (SD^) implies join-semidistributivity (that is, the axiom 
(SD V )), see, for example, P. Jipsen and H. Rose ^Hl page 81]. 

Lemma 4.3. The Stirlitz identity (S) implies (SD^). 

Proof. Let L be a lattice satisfying (S), let x, y, z £ L. Set y% — y l\(x\/ (z f\(x\/ y))) . 
Set a = b\ = y, b = z, c = bo = x, and 6' = 6 A (&o V b±) = z A (x V y). Then the 
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following inequalities hold: 

2/2 = y A (x V (zA(iVy))j 
= aA ^(6 A (6 V 61)) VcJ 

< (a A 6') V V (a A (6 4 V c) A ((6' A (a V &;)) V c)) 

i<2 

= (y A z)V (y Ax)V (y A ((z A y) V x)) 

= (yAz)V (yA (xV(yAz))) 

= y A (2; V (y A 2)) 

< x V (y A z). 

This implies that x V yi < x V (y A z). Since the converse inequality holds in any 
lattice, the conclusion follows. □ 

We now introduce a lattice-theoretical axiom, the join-irreducible interpretation 
of (S), that we will denote by (Sj). 

For all a, b, bo, b\, c G J(£), the inequalities a < 6Vc, b < bo V&i, 
and imply that either a < b V c for some b < b or b < a V 6, 

and a < 6^ V c for some i < 2. 

Throughout the paper we shall make repeated use of the item (i) of the following 
statement. Item (ii) provides a convenient algorithm for verifying whether a finite 
lattice satisfies (S). 

Proposition 4.4. Let L be a lattice. Then the following assertions hold: 

(i) If L satisfies (S), then L satisfies (Sj). 

(ii) // L is complete, lower continuous, finitely spatial, dually 2 -distributive, 
and satisfies (Sj) ; then L satisfies (S). 

Proof, (i) Let a < b V c, b < bo V b\, and a ^ b for some a, b, bo, &i, c € J(£). Then 
the element 6' of the Stirlitz identity is 6' = b A (bo V 61) = b; observe also that 
aA(iVc)=fl. Therefore, applying (S) yields 

a = a A (b' V c) 
= (a A &') V V (a A (&* V c) A ((&' A (a V V c)) 

i<2 

= (a A fo) V \/ (a A (&i V c) A ((6 A (a V &;)) V c)). 

i<2 

Since a is join-irreducible, either o < i or o < (6, V c) A ((6 A (a V V c) for some 
i < 2. If a < & then a < a V c with a < b (because a ^ b). Suppose that a ^ b. 
Then a < (&; V c) A ((& A (a V &*)) V c) < b t V c for some i < 2. If 6 £ a V then 
a < 6 V c for b = b A (a V 6;) < 6. 

(ii) Put &' = 6 A (60 V 61), and let d denote the right hand side of the identity (S). 
Since d < a A (b' V c), we must prove the converse inequality only. Let a\ € 3(L) 
with ai < a A (b' V c). Then a\ < a and a\ < b' V c. If ai < b' , then ai < a Ab' < d. 
If ai < c, then ai < a A c < d. 



6 



M. SEMENOVA AND F. WEHRUNG 



Suppose now that a\ ^ b',c. Then, by using Lemma |3. 21 we obtain that there 
are minimal b[ < b' and c\ < c such that the following inequality holds, 

ai < b[ V ci (4.1) 

and both b[ and c\ are join- irreducible. From a\ ^ b' it follows that ai ^ b[. 
If b[ < bi for some i < 2, then the inequalities 6' x < b' A bi < b' A (a V 6i) and 
ai < 6' x V ci < (b 1 A (a V 6i)) V c hold; but in this case, we also have ai < aA (bi V c), 
whence a\ < d. Suppose that b[ ■% bo,b\. Then, by Lemma 13.21 there are join-irre- 
ducible elements d t < bi, i < 2, such that the following inequality 

b' x < d V di (4.2) 

holds. It follows from (|4.1jl . I|4.2jl . a\ ^ b[, the minimality of b[ in l|4.1jl . and (Sj) 
that there exists i < 2 such that b[ < ai V di and ai < di V ci. Then the following 
inequalities hold: 

a\ < a A (diV ci) A V ci) < a A (bi V c) A ((b' A (a V 6*)) V c) < d. 
In every case, a\ < d. Since L is finitely spatial, it follows that a A (b' V c) < d. □ 

4.2. The Bond identity (B) and the axiom (Bj). Let (B) be the following 
identity: 

x A (ao V ai) A (b V h) = \J ((x A a, A (b V &i)) v(iA b, t A (a V ai))) 

i<2 

v\f(xA(a V ai) A (6 V 6 X ) A (a V h) A (a x V 

Lemma 4.5. TTie Bond identity (B) ZioWs in Co(P), for any poset (P, <). 

Proof. Let X, ^4oj Ai, A), -Bi be elements of Co(P). Denote by C the right hand 
side of the Bond identity formed from these elements. Let x G X n (Ao V ^4i) l~l 
(Bo Vi?i), we prove that i£C. The conclusion is obvious if x G A U Ui?o Ui?i, 
so suppose that i^oU^iUBoUBi. Since x G (A VAi)\ (A Q U Ai), there are 
a G A and ai G Ai such that, say, ao < x <3 ai. Since x G (Bo V \ (i?o U £>i), 
there are bo G Bo an d b\ G -Bi such that either 6o < a; < b\ or oi <3 a; < &o- In the 
first case, x belongs to X n (A V ) n (B V Si ) n ( A V Bi ) n (A ± V Bo) , thus to C. 
In the second belongs to x n (A V A x ) n (B V Bi) n (A) V Bo) n (Ai V Bi), 

thus again to C. □ 

We now introduce a lattice-theoretical axiom, the join-irreducible interpretation 
of (B), that we will denote by (Bj). 

For all x, ao, a±, bo, b\ G 3(L), the inequalities x < aoVai,&o Voi 
imply that either x < ai or x < bi for some i < 2 or x < ao V bo, 
ai V 6i or a; < ao V 6i, ai V &o- 
Throughout the paper we shall make repeated use of the item (i) of the following 

statement. Item (ii) provides a convenient algorithm for verifying whether a finite 

lattice satisfies (B). 

Proposition 4.6. Let L be a lattice. Then the following assertions hold: 

(i) If L satisfies (B), then L satisfies (Bj). 

(ii) // L is complete, lower continuous, finitely spatial, dually 2- distributive, 
and satisfies (Bj), then L satisfies (B). 
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Proof. Item (i) is easy to prove by using the (B) identity and the join-irreducibility 
of x. 

(ii) Let u (resp., v) denote the left (resp., right) hand side of the identity (B). 
It is obvious that v < u. Since L is finitely spatial, in order to prove that u < v 
it is sufficient to prove that for all p G 3{L) such that p < u, the inequality p < v 
holds. This is obvious if either p < or p < bi for some i < 2, so suppose that 
p j£ a,i, bi, for all i < 2. Then, by Lemma 13.21 there exist Xo, x\, yo, y\ G J(£) such 
that Xi < ai and yi < bi, for all i < 2, while p < xq V x\, yo V y\. By assumption, 
we obtain that one of the following assertions holds: 

P<(ioV y ) A (zi V yi) < (a Q V b ) A (ai V bi); 

P<(ioV yi ) A {xx V y Q ) < (a V h) A (ai V b ). 

In any case, p < v, which completes the proof. □ 

4.3. The Udav identity (U) and the axiom (Uj). Let (U) be the following 
identity: 

x A (xq V Xi) A (xi V X2) A (xq V X2) 

= (x A x A (.Ti V x 2 )) V (x A Xi A (x V a; 2 )) V (x A x 2 A (a; V a;i)). 

Lemma 4.7. The Udav identity (U) ZioWs in Co(P), for any poset (P, <). 

Proof. Let X, Xq, Xi, X 2 be elements of Co(P). Denote by U (resp., V) the left 
hand side (resp., right hand side) of the Udav identity formed from these elements. 
It is clear that U contains V . Conversely, let x £ U, we prove that x belongs 
to V. This is clear if x S Xq U Xi U X 2 , so suppose that x ^ Xo U Xi U X 2 . 
Since x S (X V Xi) \ (X U Xi), there are xq £ X and x\ e Xi such that, say, 
xo < x <\ x\. Since x e (Xi V X 2 ) \ (Xi U X 2 ), there are x[ S Xi and x 2 £ X 2 such 
that either < x < x 2 or x 2 <l a; < x\. But since x < xi S Xi and x ^ Xi, the 
first possibility is ruled out, whence x 2 < x <1 x^. Since x G (X V X 2 ) \ (X U X 2 ), 
there are x' £ Xo and x' 2 G X 2 such that either x' < x < x 2 or x' 2 < x < x . The 
first possibility is ruled out by x 2 <3 x and x ^ X 2 , while the second possibility is 
ruled out by xo < x and x ^ Xo. In any case, we obtain a contradiction. □ 

As we already did for (S) and (B), we now introduce a lattice-theoretical axiom, 
the join-irreducible interpretation of (U), that we will denote by (Uj). 

For all x, xo, x±, x 2 G J(£), the inequalities x < xo Vxi, xoVx 2 , xiVx 2 
imply that either x < xo or x < xi or x < x 2 . 

Throughout the paper we shall make repeated use of the item (i) of the following 
statement. Item (ii) provides a convenient algorithm for verifying whether a finite 
lattice satisfies (U). 

Proposition 4.8. Let L be a lattice. Then the following assertions hold: 

(i) If L satisfies (U) ; then L satisfies (Uj). 

(ii) // L is complete, lower continuous, finitely spatial, dually 2- distributive, 
and satisfies both (Bj) and (Uj), then L satisfies both (B) and (U). 

Proof. Item (i) is easy to prove by using the (U) identity and the join-irreducibility 
of x. 

(ii) We have already seen in Proposition 14.61 that L satisfies (B). 
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Let u (resp., v) be the left hand side (resp., right hand side) of the identity (U). 
It is clear that v < u. Let p € J(£) such that p < u, we prove that p < v. This 
is obvious if p < Xi for some i < 3, so suppose that p ^ Xi, for all i < 3. Then, 
by using Lemma 13.21 we obtain that there are join-irreducible elements pi, p\ < Xi 
(i < 3) of L such that the following inequalities hold: 

P<PoVpu P'x Vp 2 ,PoVp' 2 . (4.3) 

Since p ^ x\ and L satisfies (Bj), it follows from the first two inequalities of (|4.3|) 
that p < po V p[ , pi V P2 ■ Similarly, from p ^ X2 , the last two inequalities of l|4.3|l , 
and (Bj), we obtain the inequalities p < p\ V p' 2 ,p' Vp2, and from the first and the 
last inequality of 1)4. 3[l . together with p ^ xq and (Bj), we obtain the inequalities 
P < Po V P2'-Po Vpi. In particular, we have obtained the inequalities 

P < Po Vpi,Pi Vp 2 ,Po Vp 2 , 
whence, by the assumption (Uj), p < Xi for some i < 3, a contradiction. □ 

5. First steps together of the identities (S), (U), and (B) 

5.1. Udav-Bond partitions. The goal of this subsection is to prove the following 
partition result of the sets [p] D (see Notation l3.3(l . 

Proposition 5.1. Let L be a complete, lower continuous, dually 2-distributive 
lattice that satisfies (U) and (B). Then for every p G 3(L), there are subsets A 
and B of [p] D that satisfy the following properties: 

(i) [p] D = A U B and A n B = 0. 

(ii) For all x, y £ [p] D , p<xV y iff {x, y) e (A x B) U (B x A). 
Moreover, the set {A, B} is uniquely determined by these properties. 

The set {A, B} will be called the Udav-Bond partition (of [p] D ) associated with p. 
We observe that every conjugate with respect to p of an element of A (resp., B) 
belongs to B (resp., A). 

Proof. If [p] D = the result is obvious, so suppose that [p] D / 0. By Lemma l3~2l 
there are a, b G [p] D minimal such that p < a V b. We define A and B by the 
formulas 

A = {x G [p] D | p < x V b}, B = {y G [p] D \ p < a V y}. 

Let x G [p] D ■ By Corollary 13. 41 x has a conjugate with respect to p, denote it by y. 
By Lemma l3.2f ii). y is join-irreducible, thus y G [p] D ■ By applying (Bj) to the 
inequalities p < a V 6, x V y, we obtain that either p<a\Zx,b\Zyorp<a\/y, 
b V x, thus either p<a\Zxoip<b\/x. If both inequalities hold simultaneously, 
then, since p<aVi and by (Uj), we obtain that p lies below either a or b or a;, a 
contradiction. Hence we have established (i). 

Let x, y G [p] D , we shall establish in which case the inequality p < x V y 
holds. Suppose first that x G A and y G B. By applying (Bj) to the inequalities 
p < b V x, a V y, we obtain that either p<x\/y or p<b\/y. In the second case, 
y G B, but y G A, a contradiction by item (i); hence p < xV y. 

Now suppose that x, y G A If p < xVy, then, by applying (Uj) to the inequalities 
p < x V y, b V x, b V y, we obtain that p lies below either x or y or 6, a contradiction. 
Hence p ^ x V y. The conclusion is the same for (x, y) G B x £?. This concludes 
the proof of item (ii) . 

Finally, the uniqueness of {A, B} follows easily from items (i) and (ii). □ 
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5.2. Choosing orientation with Stirlitz. In this subsection we shall investigate 
further the configuration on which (Sj) is based. The following lemma suggests an 
'orientation' of the join-irreducible elements in such a configuration. More specifi- 
cally, we are trying to embed the given lattice into Co(P), for some poset (P, <). 
Attempting to define P as J(L), this would suggest to order the elements a, 6, bo, 
and b\ by c < a < b and < 6 < 6;. Although the elements of P will be defined 
via finite sequences of elements of J(L), rather than just elements of J(L), this idea 
will be crucial in the construction of Sectional 

Lemma 5.2. Let L be a lattice satisfying (Sj) and (Uj). Let a, b, bo, bi, c € J(L) 
such that a ^ b and satisfying the inequalities a < b V c with b minimal such, and 
b < bo V b\ with b bo, b\. Then the following assertions hold: 

(i) The inequalities b < a V bi and a < bi V c together are equivalent to the 
single inequality b < bi V c, /or all i < 2. 

(ii) There is exactly one i < 2 swc/i i/ia£ b < bi V c. 

Proof. We first observe that & ^ c (otherwise a < c) . If o < a V &j and a < 6; V c, 
then obviously o < 6j V c. Suppose, conversely, that 6 < bo V c. If & < b\ V c, then, 
by observing that b < bo V b\ and applying (Uj), we obtain that either b < bo or 
b < &i or 6 < c, a contradiction. Hence 6 ^ &i V c, the uniqueness statement of (ii) 
follows. Furthermore, by (Sj), there exists i < 2 such that b < aV bi and a < &i V c, 
whence & < 6; V c, thus i = 0. Therefore, o < a V &o and a < &o V c. □ 

Next, for a conjugate pair (6, 6') of elements of J(L) with respect to some ele- 
ment a of J (L), we define 

C[6, 6'] ={i£ J(i) P x and < o' V x}. (5.1) 

Notation 5.3. Let SUB denote the class of all lattices that satisfy the identities 
(S), (U), and (B). 

Hence SUB is a variety of lattices. It is finitely based, that is, it is defined by 
finitely many equations. 

Lemma 5.4. Let L be a complete, lower continuous, finitely spatial lattice in SUB. 
Let a, b e J(£) such that a D b. Then the equality C[b, bo] = C[b, bi] holds, for all 
conjugates bo and b\ of b with respect to a. 

Proof. We prove, for example, that C[6, 6o] is contained in C[b, b\\. Let x G C[b, bo] 
(so b < b V x), and suppose that x £ C[b, 6i] (so b ^ 6i V x). By Corollary 13.41 
x has a conjugate, say, y, with respect to 6. Since both relations a < b V b\ and 
b < xV y are minimal nontrivial join-covers, it follows from Lemma 15 . 21 that either 
6 < 6i V x or 6 < 6i V y, but the first possibility does not hold. Hence the following 
inequalities hold: 

b < & V x,h\/ y,xV y. (5.2) 

Furthermore, by the uniqueness statement of Lemma 15.21 6 ^ bo V y. Thus, by 
(Bj) and the first two inequalities in (|5.2|l (observe that b ^ bo, b\, x, y), we obtain 
that b < bo V b\. Hence a < bV bo < bo V b\, whence a < b V bo, b V &i, &o V &i, a 
contradiction by (Uj ) . □ 

For all a, b 6 J(L) such that a D b, there exists, by Corollarv l3.4l a conjugate 6' 
of & with respect to a. By Lemma 15.41 for fixed a, the value of C[b; b'] does not 
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depend of b'. This entitles us to define 

C(a, b) — C[b, b'], for any conjugate b' of b with respect to a. (5.3) 

Lemma 5.5. Let a, b G 3(L) such that aDb. Then the set {C(a, b), [b] D \ C(a, b)} 
is the Udav-Bond partition of [b] D associated with b. 

Proof. It suffices to prove that the assertions (i) and (ii) of Proposition l5~Tl are sat- 
isfied by the set {C(a, b), [b) D \ C(a, b)}. We first observe the following immediate 
consequence of Lemma 15.21 

Claim. For any x G [b] D and any conjugate x' of x, x £ C(a,b) iff x' G C(a,b). 

From now on we fix a conjugate b' of b with respect to a. Let x, y G [b] D , let x' 
(resp., y') be a conjugate of x (resp., y) with respect to b. 

Suppose first that x G C(a, b) and y £ C(a,b), we prove that b < xVy. It follows 
from the Claim above that y' G C(a, b), whence the inequalities b < b' V x,b' V y' 
hold, hence, by (Uj), b ^ xV y'. But b < x V x', y V y' , thus, since b ^ x, x', y, y' 
and by (Bj), the inequality b < xW y holds. 

Suppose next that ijG C{a, b). Since b < b' V x, b' V y, the inequality b < a; V y 
would yield, by (Uj), a contradiction; whence b ^ xW y. 

Suppose, finally, that x, y ^ C(a, b). Thus, by the Claim, y' G C(a,6), whence, 
by the above, b < x V y 1 ,y V y 1 , whence, by (Uj), b ^ xV y. □ 

5.3. Stirlitz tracks. Throughout this subsection, we shall fix a lattice L satisfying 
the identities (S), (U), and (B). By Lemma f4. 21 L is dually 2-distributive as well. 
Furthermore, it follows from Propositions 14.41 14.61 and 14.81 that L satisfies (Sj), 
(Uj), and (Bj). 

Definition 5.6. For a natural number n, a Stirlitz track of length n is a pair 
o = ((oi < i < n), (a£ | 1 < i < n}}, where the elements for < i < n and a' t 
for 1 < i < n are join-irreducible and the following conditions are satisfied: 

(i) the inequality < a^+i V a' i+1 holds, for all i G {0, . . . , n — 1}, and it is a 
minimal nontrivial join-cover; 

(ii) the inequality < a\ V a i+1 holds, for all i G {1, . . . , n — 1}. 

We shall call the base of a. Observe that D a i+1 , for all i G {0, . . . , n — 1}. 

Observe that if a is a Stirlitz track as above, then, by Lemma T5. 21 the following 
inequalities also hold: 

a i+ i < ai V a i+2 ; (5.4) 
o-i < a' i+1 V a l+2 , (5.5) 

for all i G {0, . . . ,n- 2}. 

The main property that we will need about Stirlitz tracks is the following. 

Lemma 5.7. For a positive integer n, let a — {{ai < i < n), (a^ | 1 < i < n)) 
be a Stirlitz track of length n. Then the inequalities < ao V a„ and ai < a[ V a n 
hold, for all i G {0, . . . ,n}. Furthermore, < k < / < n implies that % a;; m 
particular, the elements a-i, for < i < n, are distinct. 

Proof. We argue by induction on n. The result is trivial for n = 1, and it follows 
from l|5.4|l and 1)5. 5JI for n = 2. Suppose that the result holds for n > 2, and let 
a = ({ai < i < n + 1), (a- | 1 < i < n + 1}} be a Stirlitz track of length n+1. We 
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observe that c* = ((ai | < i < n), (a[ | 1 < i < n)) is a Stirlitz track of length n, 
whence, by the induction hypothesis, the following inequalities hold: 

a n ~i < a V a„, (5.6) 
a„_i < a[ V a n . (5.7) 

We first prove that a„_i < ao V a n+ \. Indeed, suppose that this does not hold. 
Hence, a fortiori a„_i ^ ao, a n +i- Hence, by applying (Bj) to (|5.5() (for i = n — 1) 
and 1)5. 6|) and observing that a n _i ^ a n ,a^, we obtain that a„_i < a n V a n+ i. 
Therefore, a„_i < a n V a n+1 , a„ V a^, aj t V a n+1 , a contradiction by (Uj). Hence, 
indeed, a„_i < ao V a n+ i. Consequently, by (|5.4|l . a„ < a rl _i V a Jl+ i < ao V a n+ i. 
Hence, for i G {0, . . . ,n}, it follows from the induction hypothesis (applied to o~») 
that di < ao V a„ < ao V a n +i- 

The proof of the inequalities a^ < a^ V a„ + i , for i € {0, . . . , n}, is similar, with ao 
replaced by a[ and l|5.6|) replaced by (|5.T|> . 

Finally, let < fc < I < n, and suppose that a% < a;. By applying the previous 
result to the Stirlitz track ((at+i | < i < I — k), (a' k+i | 1 < i < I — k)), we obtain 
that a;_i < afe Va; = a;, a contradiction. Hence a^ j£ a;, in particular, aj, ^ a;. □ 

Lemma 5.8. For positive integers m, n > 0, Zei 

a = ({oj | < i < m), {aU 1 < i < to)), r - ((6, | < j < n>, <&; | 1 < j < n» 

&e Stirlitz tracks with the same base p = ao = &o awe? p < ai V &i. TTien 0^,6., < 
a m V 6„, /or aZH € {0, . . . , to} and j £ {0, . . . , n}. 

Proof. Suppose first that the inequality p < ai V b[ holds. Then p < a\ V b' 1 ,b[ V 
&i,&i V a±, a contradiction by (Uj). Hence p -f. a\ V bi, thus, by applying (Bj) to 
the inequalities p < ai V a'i, b\ V o' 1; we obtain that p < V 6^. 

Furthermore, from Lemma 15.71 it follows that a^ < p V a m , for all i G {0, . . . , m}, 
and 6j < p V 6„, for all j G {0, . . . , n}, thus it suffices to prove that p < a m V b n . 
Again, from Lemma lSTl it follows that p < a[\/a m , b[Vb n . Suppose that p ^ a m Vi>„. 
Then p ^ a' 1; a m , 6' 1; b n , thus, by (Bj), p < a^ V 6 n . Furthermore, we have seen that 
p < b[V b n and p < V b[. Hence, by (Uj), p lies below either a[ or 6j or 6„, a 
contradiction. □ 



6. The small poset associated with a lattice in SUB 

Everywhere in this section before Theorem 16.71 we shall fix a complete, lower 
continuous, finitely spatial lattice L in SUB. For every element p € J(L), we denote 
by {A p , B p } the Udav-Bond partition of [p] D associated with p (see Subsection l5.1|l . 
We let + and — be distinct symbols, and we put R = i?o U i?_ U , where Ro, 
and R + are the sets defined as follows. 

i?o = {» |pG J(L)}, 

R+ = {(a, 6,+) \a,be 3(L), a D &}, 

R- = {(a, 6, -) | a, 6 G J(i), a L> &}. 

We define a map e: i? — > J(L) by putting e((p)) = p, for all p G J(i), while 
e((a, 6, +)) = e((a, 6, — )) = 6, for all a, 6 G J(L) with aDb. 
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Let -< be the binary relation on R that consists of the following pairs: 

(p, a, — ) ~< (p) -< (p, b, +) whenever oei p and 6 G _B p , (6.1) 

(b,c, -) -< (a,b,+) -< (b,d,+) and (6.2) 

{b, d, -) -< (a, 6, -) -< (6, c, +). whenever c 6 [6] D \ C(a, b) and d G C(a, b). 

(6.3) 

Lemma 6.1. Let e G {+, — }, ie< rt < and let ao, ■ ■ ■ , a n > bo, . . . , b n E J(L) 
such that a,i D bi, for all i G {0, . . . ,n} and (ao,bo,e) -<■••-< {a n ,b„ , e) . Then 
exactly one of the following cases occurs: 

(i) e = + and, putting a n+ i = b n , the equality a^+i = bi holds, for all i E 
{0, . ..,!%}, while there are join-irreducible elements a' l7 a' n+1 of L 
such that ((<Zj | < i < n + 1), (a^ | 1 < i < n + 1)) is a Stirlitz track. 

(ii) e = — and, putting a_i = &o> ^ e equality a-j_i = holds, for all i G 
{0, ...,n}, ly/izZe £/iere are join-irreducible elements a'_ 1 , a' n _ 1 of L 
such that ((a n _, < i < n + 1), (a' n _ i \ 1 < i < n + I)) is a Stirlitz track. 

Proof. Suppose that e = + (the proof for e = — is similar) . We argue by induction 
on n. If n = 0, then, from the assumption that ao D bo and by using Corollarv l3.4l 
we obtain a conjugate of &o with respect to ao, and ((ao,ai), (a^)) is obviously 
a Stirlitz track. 

Suppose that n > 0. From the assumption that (a„_i, & n _i, +) -< (a n , 6„, +) and 
the definition of -<, we obtain that a n = &n-l- Furthermore, from the induction 
hypothesis it follows that there exists a Stirlitz track of the form 

({a t < i < n), (a- | 1 < i < n)). 

Put a n +i = b n , and let a^ +1 be a conjugate of a Il+ i with respect to a n . Using 
again the assumption that (a„_i, b n -\, +) -< (a n ,b„, +), we obtain the inequality 
On < a'n V fln+i- Therefore, ((oj | < i < n + 1), (aj | 1 < i < n + 1)) is a Stirlitz 
track. □ 

Let < denote the reflexive and transitive closure of -<. 

Lemma 6.2. The relation < is a partial ordering on R, and -< is the predecessor 
relation of < . 

Proof. We need to prove that for any n > 0, if ro -< • • • -< r n in R, then ro ^= r n . 
We have three cases to consider. 

Case 1. ro 6 R+. In this case, r, = (fli, &•£,+) G for all i G By 
Lemma |6. II if we put a„+i = & n , then aj+i = 6j, for all i G {0, . . . , n}, and there 
are join-irreducible elements a' 1; . . . , a^ +1 of L such that 

((a, | < i < n + 1), (a- | 1 < i < n+ 1)) 
is a Stirlitz track. In particular, by Lemma 15.71 oq ^ a n , whence ro =/= r n . 
Case 2. ro G Ro- Then r^ G R+, for alH G {1, . . . , «}, thus ro ^ r n . 
Case 3. ro G i?-. If r„ ^ -R-, then ro 7^ r n . Suppose that r„ G R-. Then r^ = 
(a^, bi, — ) belongs to for all i G {0, . . . , n}. By Lemma 16. II if we put a_i = 6q, 
then a,i-i = bi, for all i G {0, . . . ,n}, and there are join-irreducible elements a'_±, 
. . . , a' n _ 1 of L such that {{a n ~i | < i < n+ 1), (aj 1 _ i | 1 < i < n + 1)) is a Stirlitz 
track. In particular, by Lemma 15.71 ao ^ a n , whence ro ^ r n . □ 
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Definition 6.3. 

(i) Two finite sequences r = (r Q , . . . , r n _i) and s = (s , . . . , s n -i) °f same 
length of R are isotype, if either e(rj) = e(sj), for all i G {0, . . . , n — 1}, or 
e(n) = e(s„_i_i), for alH G {0, . . . , n - 1}. 

(ii) An oriented path (see Section 01 r = (r , ■ ■ ■ , r n _i) of elements of R is 

- positive (resp., negative), if there are elements a*, 6j (for < i < n) 
of J(L) such that r, = (di,6i,+) (resp., r» = (ai,bi,—)), for all i G 
{0,...,n-l}. 
— reduced, if either it is positive or is has the form 

(u Q , . . .,Uk-x, (p),v , . . 

where p G J(L), (uq, . . . , Ufc-i) is negative, and (wo, • ■ ■ , vi-i) is posi- 
tive. 

Lemma 6.4. Every oriented path of R is isotype to a reduced oriented path. 

Proof. Let r be an oriented path of R, we prove that r is isotype to a reduced 
oriented path. If r is either positive or reduced there is nothing to do. Suppose 
that r is neither positive nor reduced. Then r has the form 

((ak_i, afc, -),..., (o , a%, -), (bo, (fy_i,&i, +)> 

for some integers k > and I > 0. If Z = 0, then r is isotype to the positive path 

((a , ai, +),..., (a,k-i,ak, +)>■ 
Suppose now that I > 0. Since (ao, <zi, — } -< (&o, °i, +), two cases can occur. 
Case 1. a = b\ and a\ C(6o,6i) (sec (|6.2|) k Observe that (ao,ai,— ) -< (ao) if 
Oi G A ao while (ao) -< (ao,ai,+) if Oi G -B OQ (see Ijfi. ljl ). In the first case, 
it follows from Lemma 15.51 ( applied to C(ao,a\)) that the sequence 

((a k -x,a k , -},..., (a , ai, ->, (ao), (h, h, +), . . . , <6i-i, b«, +)> 

is an oriented path, isotype to r. Similarly, in the second case, the oriented 
path 

((bi-x,bi, -),..., (h,b 2 , -), (a }, (a , ax, +), . . . , (a fe _i, a*, +)) 
is isotype to r. 

Case 2. ai = &o and bi C(ao,ax) (see Observe that (bo) -< (6o,6i,+) if 

&i G -Bf, while (bo,bi,—) -< (6o) if &i G ^bj (see (|6.1[) V In the first case, 
the oriented path 

((flfc-l, a fe , -)>•••, (01,02, -), (&o), (60, 61, +),•••, (h-x,k,+)) 
is isotype to r. Similarly, in the second case, the oriented path 

((bi-x,bi, -),..., (60,61,-), (6 ), (oi, o 2 , +),..., (a k -x,a k ,+)) 
is isotype to r. 

This concludes the proof. □ 
We define a map ip from L into the powerset of R as follows: 

<p(x) = {r G R I e(r) < x}, for all a; G L. (6.4) 
Lemma 6.5. TTie set p(x) belongs to Co(R, <), /or a/Z a; G L. 
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Proof. It is sufficient to prove that if ro -<•••-< r n in R such that e(r*o), e(r„) < x, 
the relation e(rfe) < a; holds whenever < fc < n. By Lemma ffi.4l it is sufficient 
to consider the case where the oriented path r = (ro, . . . , r n ) is reduced. If it is 
positive, then, by Lemma 16. II there exists a Stirlitz track of the form 

((Oi | < i < n + 1), (a'i | 1 < i < n + 1)) 

for join-irreducible elements cij, a^ of L with = {a%, a>i+i, +}, for all i G {0, . . . , n}. 
But then, by Lemma 15 . 71 applied to the Stirlitz track 

((Oi+i |0<i<n),(a^ +1 |l<i<n}}, 

e(ffc) = flfe+i < oi V a n+ i < a;. Suppose from now on that r is not positive. Then 
three cases can occur. 

Case 1. r = ((a ), (a , a i; +), . . . , (a„_i,a n , +}} for some a , • . • , a„ € J(L). It 
follows from Lemma ffi. II that there exists a Stirlitz track of the form 

((cti |0<t<n),(aj | l<i<n}}, 

hence, by Lemma 15.71 e(rfc) = at < «o V a„ < a;. 

Case 2. r = ((a n _i, a„, —),..., {a , m, -), (a )) for some a , a n G 3(L). The 
argument is similar to the one for Case 1. 

Case 3. r = ((a„'_i,a„', -),..., (a ,Oi, -}, (a ), (&oA, +},..., (&„»-i, &„», +}} for 
some positive integers n' and n" and join- irreducible ao = bo, a±, 
a„/, b\, 6 n //. From (ao,ai,— ) -< (ao) -< (6o,6i,+) it follows that 
fl o = < fl i V &i. From Lemma 16. II it follows that there are Stirlitz tracks 
of the form 

o- = ({a,i | < i < n'), {a^ | 1 < % < n')), 
r=((b j \ 0<j <n"),% | l<j <n"», 

with the same base ao = &o < a i V &i. Since e(r/j) has either the form ai, 
where < i < n', or bj, where < j < n", it follows from Lemma I5T51 that 
e(rfc) < On' V &„» < x. 
This concludes the proof. □ 

Lemma 6.6. The map if is a (0, 1) -lattice embedding from L into Co(R). 

Proof. It is obvious that <p is a (A, 0, l)-homomorphism. Let x, y £ L such that 
x i~ V- Since 1/ is finitely spatial, there exists p G J(£) such that p < x and p ^ y. 
Hence, (p) G y(a;) \ (f(y), so y(a;) ^ ¥>(y). Therefore, tp is a (A, 0, l)-embedding. 

Now let x, y d L and let r G <p(x V y), we prove that r G V <p(y). The 
conclusion is trivial if r G <p(x) U <^(y), so suppose that r ^ f{x) U <^(y). We need 
to consider two cases: 

Case 1. r — (p), for some p G J(£). So p < x V y while p ^ x,y. By Lemma |3. 21 
there are minimal u < x and v < y such that p < uW v, hence u and v are join-ir- 
reducible and they do not belong to the same side of the Udav-Bond partition of 
[p] D associated with p (see Proposition 15. Hence, by the definition of -<, either 

{p, u, — ) -< (p) -< (p,v,+) or (p,v,—) -< (p) -< (p, u, +}. Since (p, u, e) G ip(x) and 
(p, v, e) G <p(y), for all e G {+, — }, it follows from this that (p) G ip(x) V <p(y). 

Case 2. r = (a, b, +) for some a, b G J(L) such that a D b. So & < x V y while 
6 ^ £, y. By Lemma |3. 21 there are minimal u < x and v < y such that 6 < it V v, 
hence u and v are join-irreducible and they do not belong to the same side of 
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the Udav-Bond partition of [b] associated with b (see Proposition ^. Hence, it 
follows from Lemma f5. 51 that either u ^ C(a, b) and v £ C(a, b) or u £ C(a, b) and 
v C(a, b). In the first case, 

(b,u,-) -< {a,b,+) -< (b,v,+), 

while in the second case, 

(b,v,-) -4 (a, b,+) -< (b,u,+). 

Since (b,u,e) £ <p{x) and (b,v,e) £ <p(y), for all e £ {+,—}, it follows from this 
that r £ <p{x) V f(y)- 

Case 3. r = (a, b, — } for some a, b £ J(L) such that a D b. The proof is similar to 
the proof of Case 2. □ 

We can now formulate the main theorem of this paper. 

Theorem 6.7. Let L be a lattice. Then the following are equivalent: 

(i) L embeds into a lattice of the form Co(P), for some poset P; 

(ii) L satisfies the identities (S), (U), and (B) (i.e., it belongs to the class 
SUB); 

(iii) L has a lattice embedding into a lattice of the form Co(R), for some 
poset R, that preserves the existing bounds. Furthermore, if L is finite, 
then R is finite, with 

\R\ <2|J(L)| 2 -5|J(L)|+4. 

Proof. (i)=>(ii) follows immediately from Lemmas 14.11 14.51 and 14.71 

(ii) =>(iii) Denote by FilL the lattice of all dual ideals (= filters) of L, ordered 
by reverse inclusion; if L has no unit element, then we allow the empty set in 
FilL, otherwise we require filters to be nonempty. This way, FilL is complete and 
the canonical lattice embedding x i— > ]x from L into Fil L preserves the existing 
bounds. It is well known that FilL is a dually algebraic lattice that extends L 
and that satisfies the same identities as L (see, for example, G. Gratzer JI]), in 
particular, it belongs to SUB. Furthermore, FilL is dually algebraic, thus lower 
continuous and spatial, thus it is a fortiori finitely spatial. We consider the poset 
(R, <) constructed above from FilL. By Lemmas 16 . 51 and 16.61 the canonical map tp 
defines a (0, l)-embedding from FilL into Co(R). 

(iii) =>(i) is trivial. 

In case L is finite, put n = | 3(L)\, we verify that \R\ < 2n 2 — 5n + 4 for the poset 
(R> <!) constructed above, in the case where n > 2 (for n < 1 then one can take 
for P a singleton). Indeed, it follows from the join-semidistributivity of L (that 
itself follows from Lemma that L has at least two D- maximal ( = join-prime) 
elements, hence the number of pairs (a, b) of elements of 3(L) such that a D b is at 
most (n — l)(n — 2), whence 

\R\ < 2(n - l)(n - 2) + n = 2n 2 - 5n + 4. □ 

Remark 6.8. The upper bound 2| J(L)| 2 -5| 3(L) | + 4 of Theoreml6~7Tiii) . obtained 
for the particular poset R constructed above, is reached for L defined as the lattice 
of all order-convex subsets of a finite chain. 

Corollary 6.9. The class of all lattices that can be embedded into some Co(P) 
coincides with SUB; it is a finitely based variety. In particular, it is closed under 
homomorphic images. 
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Of course, we proved more, for example, the class of all lattices that can be 
embedded into some finite Co(P) forms a pseudovariety (see JD]), thus it is closed 
under homomorphic images. 

7. The tree-like poset associated with a lattice in SUB 

Everywhere in this section before Theorem 17.71 we shall fix a complete, lower 
continuous, finitely spatial lattice L in SUB. The goal of the present section is to 
define a tree-like poset T and a lattice embedding from L into Co(r) that preserves 
the existing bounds, see Theorem l7.7l 

The idea to use D-increasing finite sequences of join-irreducible elements is in- 
troduced in K. V. Adaricheva £Q, where it is proved that every finite lattice without 
D-cycle can be embedded into the lattice of subsemilattices of some finite meet- 
semilattice; see also j2J. 

We denote by V the set of all finite, nonempty sequences a — (a(0), . . . , a(n)) 
of elements of J(L) such that a(i) D a(i + 1), for all i < n. We put \a\ — n (the 
length of a), and we extend this definition by putting = — 1. We further put 
a = (a(0), . . . , a(n — 1)) (the truncation of a) and e(a) = a(n) (the extremity of a). 
If a = {3, we say that (3 is a one-step extension of a. Furthermore, for all n > 0, 
we put 

r„ = {a G r | |a| < n}, and E n = T n \ T n _i for n > 0. 

For a £ T \ To, we say that a conjugate of a is an element (3 of T such that a = (3 
and e(a) and e(/3) are conjugate with respect to eia). It follows from Corollary 13. 41 
that every element of T \ To has a conjugate. Furthermore, for a, (3 6 T, we write 
a ~ /3, if either a = (3 or (3 = a. 

For all n > 0, we define inductively a binary relation -< n on r„, together with 
subsets A a and Bq, of ^(a)] 13 for a G r n _i. 

The induction hypothesis to be satisfied consists of the following two assertions: 

(51) -< n is acyclic. 

(52) For all a, (3 G T n , a ~ /3 iff either a -<„ /? or /? -<„ a. 
For n = 0, let -< n be empty. 

The case n = 1 is the only place where we have some freedom in the choice of -< n . 
We suppose that we have already used this freedom for the construction of the poset 
(R, <) of Sectional that is, for each p G J(L), let A p , B p such that {A p , B p } is the 
Udav-Bond partition of [p] D associated with p (see Subsection 15.10 . and we let R 
be the poset associated with this choice that we constructed in Section Then we 
put A^ — A p and B/ p \ = B pi and we define 

-<!= {((p,a),(p)) \ p€3(L), aG } U {((p), (p, 6)} | p S J(i), 6e%}. 

It is obvious that -<i satisfies both (SI) and (S2). 

Now suppose having defined -< n , for n > 1, that satisfies both (SI) and (S2). 
For all a G E n , we define subsets A a and S Q of [e(a)] D as follows: 
Case 1. a -< n a. Then we put >1 Q = [e(a)] £> \C(e(a), e(a)) and B a = C(e(a), e(a)). 
Case 2. a -< n a. Then we put A a = C(e(a), e(a)) and _B Q = [e(a)]' D \C(e(a), e(a)). 
Then we define -<„+i as 

-«m+i=-<n U{(o!'~ , (x),a) | a G i?„ and x G Ao,}U{(a, a"(y}) | a € £7„ and y G B a }, 

(7.1) 
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where (a, [3) i— > a~~~ (3 denotes concatenation of finite sequences. 

Lemma 7.1. The relation -< n +i satisfies both (SI) and (S2). 

Proof. It is obvious that -< n +i satisfies (S2). Now let us prove (SI), and suppose 
that -< n +i has a cycle, say, a>o -< n +i oti -Kn+i ' ' ' -<n+i a k = eta, where fc > 2. We 
pick fc minimal with this property. As A a n B a — 0, for all a, we cannot have 
fc = 2 as well, so fc > 3. 

By the induction hypothesis, one of the elements of the cycle belongs to E n +i, 
without loss of generality we may assume that it is the case for ctQ. Hence, by 
(|7.1(l . a± = ao belongs to r„. Let I be the smallest element of {1, . . . , fc — 1} such 
that ^ r„ (it exists since ak = cxq ^ T n ). Suppose that I < k — 1. By 

(S2) for -< n +i, a;+2 = = a;, a contradiction by the minimality of fc. Hence 
I = fc — 1, which means that a\, . . . , ctk-i G T„. Hence, since fc — 1 > 2, we obtain 
that ai ~<n • • • -<n a fc-i — <^i is a -<„-cycle, a contradiction. □ 

Lemma f7.ll completes the definition of -<„, for all n > 0. We define -< as the 
union over all n < oj of -<„. Hence -< is an acyclic binary relation on T such that 
a ~ /3 iff either a ~< (3 or j3 -< a, for all a, /3 €T. Since -< is acyclic, the reflexive 
and transitive closure < of -< is a partial ordering on T, for which -< is exactly 
the predecessor relation. For the sake of clarity, we rewrite below the inductive 
definition of -< and the sets A a and B a for a G T. 

(a) For a | = 0, A a and B a are chosen such that {A a ,B a } is the Udav-Bond 
partition of [e(a)] D associated with e(a). 

(b) Suppose that a > 1. Then we define A a and i? Q by 



(c) a < (3 implies that a. ~ (3. 

(d) -< a iff x € v4 a and a -< {x) iff a; G B a , for all a £ T and all 



By Lemma l5?5l the set {A a , B a } is the Udav-Bond partition of [e(a)] 15 associated 
with a, for all a G T. Therefore, by Proposition 15.11 and the definition of -<, we 
obtain immediately the following consequence. 

Corollary 7.2. For all a G T and all x, y G [e(a)] 15 , e(a) < X V y i^f either 
a" (it) -< a -< (y) or a~~~(y) ~< a -< a^(x). 

For a, /3 G r, we denote by a * /? the largest common initial segment of a and /3. 
Observe that a* (3 belongs to T U {0} and that a * (3 = (3 * a. Put m — \a\ — \a * /3\ 
and n = \/3\ — \a * (3\. We let P(a,/3) be the finite sequence (70,71, ■ ■ ■ ,7m+n), 
where the 7.;, for < i < m + n, are defined by 70 = a, "fi+i — 7?, for all i < m, 
7m+n = A and 7 m + n -j-i = Jm+n-j , for all j < n. Hence the 7^-s first decrease 
from 70 = a to 7 m = a * /3 by successive truncations, then they increase again from 
7m to 7 m +n = /? by successive one-step extensions. 

For a, (3 G T, we observe that a path (see Section |2J from a to /? is a finite 
sequence c = (70,71, ■ • ■ ,7fe) of distinct elements of T such that 70 = a, jk = ft, 
and 7^ ~ 7^+1, for all i < fc. 

Proposition 7.3. For all a, (3 £T , there exists at most one path from a to (3, and 
then this path is P(a,f3). Furthermore, such a path exists iff a(0) = /3(0). 



(A a ,B a ) 



( 



([e(a)p \ C(e(a), e(a)), C(e(a), e(a))) if a -< a, 
(C(e(a), e(a)), [e(a)] D \ C(e(a), e(a))) if a ■< a. 



x G [e(a)] 
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Hence, by using the terminology of Sectional the poset (T, <) is tree-like. 

Proof. Put again m = \a\ — \a*j3\ and n = \(3\ — \a*(3\, and P(a, 0) = (70, • • • , 7m+n). 
Let d = (So, . . . , 5k) (for fc < uj) be a path from a to /3. We begin with the following 
essential observation. 

Claim. The path d consists of a sequence of truncations followed by a sequence of 
one-step extensions. 

Proof of Claim. Suppose that there exists an index j G 1} such that Si 

extends both and <5;+i. Then = 5.; = £,+1, which contradicts the fact that 
all entries of d are distinct. 

Hence, either d consists of a sequence of truncations, or there exists a least index 
I € {0, . . . , k — 1} such that Si+\ is an extension of Si. If Si + ± is not an extension 
of Si for some i £ {I, . . . ,k — 1}, then, taking the least such i, we obtain that Si 
extends both (5^_i and a contradiction by the first paragraph of the present 

proof. Hence 5i + i is a one-step extension of Si, for alH € {i, . . . , k — 1}. □ Claim. 

Let Z denote the least element of {0, ... , k} such that Z < k implies that <5/ + i 
extends Si. In particular, <5/ is a common initial segment of both a and /3, thus of 
a * (3. Furthermore, 



thus k — l>n. In addition, both a * (3 and 5 m are initial segments of a of the same 
length |a| — m, thus a * [3 — S m . Similarly, both a * [3 and S^-n ar< 3 initial segments 
of (3 of the same length \f3\ — n, whence a * ft = 5k~ n - Therefore, S m = Sk- n , 
whence, since all entries of d are distinct, m = k — n, so k — m + n, whence I = m 
since m < I < k — n. It follows then from the claim that d = P(a, (3). 

Furthermore, from a ~ f3 it follows that a(0) = (3(0), thus the same conclusion 
follows from the assumption that there exists a path from a to (3. Conversely, if 
a(0) = (3(0), then a * (3 is nonempty, thus so are all entries of P(a,(3). Hence 
P(a, (3) is a path from a to (3. □ 

Now we define a map 7r : r — > i? by the following rule: 



I (e(a), e(a), — ) if a -< a, 

Lemma 7.4. a -< /3 m T implies that ir(a) -< 7r(/3) m i?, /or a/Z a, j3 £ T. In 
particular, n is order-preserving 

Proof. We argue by induction on the least integer n such that a, (3 G r„. We 
need to consider first the case where p, a, b S J(£), a 6 ^4 p , b £ B p (so that 
(p, a) -< (p) -< (p, b) in T), and prove that ir((p,a)) -< tt((p)) -< ir((p,b)) in R. But 
by the definition of 7r, the following equalities hold, 



= (P>a,-)> k((p)) = (p), and 7r((p,6)) = (p,6,+), 
while, by the definition of -< on i?, 



H-I = |* |-I = |<yi|<|o*/9| = |a|-m 1 



thus I > m. Similarly, 



|/J|-(A-0 = |*j|<|a*j8| = |j8|-n, 




for all q£T. 



(p,a,-) ~< (p) -< (p,b,+), 



LATTICES OF ORDER-CONVEX SETS, I 



19 



which solves the case where n = 1. 

The remaining case to consider is where ot~~' (x) -< a -< a^{y) in T, for |a| > 0. 
Thus x G ^4 Q and y G -B Q , whence 

7r(a^(a;)) = (e(a),a;, -), 

7r(a~0/)) = (e(a),y, +)■ 

Suppose first that a -< a. Then 

A a = [e{a)] D \ C(e(a),e(a)) while B a = C(e(a), e(a)). 

Furthermore, 7r(a) = (e(a), e(a), +), while, by the definition of -< on i?, 

(e(a),x, -} -<i (e(a),e(ar),+) -< (e(a),y,+), 

in other words, 

7r(a"(a;)) -< 7r(a) ~< ir(a"~'(y)). 
Suppose now that a -< a. Then 

j4 q = C(e(a), e(a)) while B Q = [e(a)] D \ C*(e(a), e(a)). 
Furthermore, 7r(a) = (e(a), e(a), — }, while, by the definition of -< on R, 
(e(a),x,-) -< (e(a),e(a), -) -< (e(a),y,+), 

in other words, 

7r(a' _, (a;)) -< 7r(a) -< n(a^(y)), 
which completes the proof. □ 

We observe the following immediate consequence of Lemma \l . 41 

Corollary 7.5. One can define a zero-preserving complete meet homomorphism 
7T* : Co(R) -»• Co(r) by the rule 

n*(X) = K~ X [X\, for all X £ Co(R). 

We put ip = 7r* o tp, where <p: L > Co(i?) is the canonical map defined in 
Section H3 Hence -0 is a zero-preserving meet homomorphism from L into Co(r). 
For any x G L, the value ^(a;) is calculated by the same rule as tp(x), see 1)6.4(1 : 

^(x) = {a £ r | e(a) < x}. 

Lemma 7.6. The map ip is a lattice embedding from L into Co(r). Moreover, ip 
preserves the existing bounds. 

Proof. The statement about preservation of bounds is obvious. We have already 
seen (and it is obvious) that ip is a meet homomorphism. Let x, y G L such that 
x ^ y. Since L is finitely spatial, there exists p £ 3(L) such that p < x and p ^ y; 
whence (p) € ip(x) \ ip(y). Hence ip is a meet embedding from L into Co(r). 

Let x, y € L, let a G V'tx V y), we prove that a G ip{x) V ^(j/). This is obvious 
if a £ ip[x) U ip{y), so suppose that a £ ip(x) U ip(y). Hence e(a) < x V y while 
e(a) ^ x,y, thus, by Lemma 13.21 there are minimal u < x and v < y such that 
e(a) < u V u, and both u and u belong to [e(a)] 15 . Therefore, by Corollary 17.21 
either a" (u) -< a -< a~~"(v) or a^'(v) -< a -< a^(u). In both cases, since ct^ (u) £ 
ip(x) and a"(u) 6 we obtain that a G VK 2 -) V V'(y). Therefore, t/> is a join 

homomorphism. □ 

Now we can state the main embedding theorem of the present section. 
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Theorem 7.7. Let L be a lattice. Then the following assertions are equivalent: 

(i) there exists a poset P such that L embeds into Co(P); 

(ii) L satisfies the identities (S), (U), and (B) (i.e., it belongs to the class 
SUB); 

(iii) there exists a tree-like (see Section [21 poset T such that L has an embedding 
into Co(r) that preserves the existing bounds. Furthermore, if L is finite 
without D-cycle, then T is finite. 

Proof. (i)=^(ii) has already been established, see Theorem 16. 71 

(ii) =>(iii) As in the proof of Theorem 16.71 we denote by FilL the lattice of all 
filters of L, ordered by reverse inclusion; if L has no unit element, then we allow 
the empty set in FilL, otherwise we require filters to be nonempty. We consider 
the poset T constructed from FilL as in Section By Lemma \7. 61 L embeds into 
Co(r). The finiteness statement of (iii) is obvious. 

(iii) =>(i) is trivial. □ 

Even in case L = Co(P), for a finite totally ordered set P, the poset T con- 
structed in Theorem 17. 71 is not isomorphic to P as a rule. As it is constructed from 
finite sequences of elements of P, it does not lend itself to easy graphic representa- 
tion. However, many of its properties can be seen on the simpler poset represented 
on Figure 5, which is tree- like. 

As we shall see in Sections I§1 and ITUl the assumption in Theorem 17. 7f iii1 that L 
be without D-cycle cannot be removed. 

8. Non-preservation of atoms 

The posets R and T that we constructed in Sections El and are defined via 
sequences of join-irreducible elements of L. This is to be put in contrast with the 
main result of O. Frink [S] (see also ^3)> that embeds any complemented modular 
lattice into a geometric lattice: namely, this construction preserves atoms. Hence 
the question of the necessity of the complication of the present paper, that is, using 
sequences of join-irreducible elements rather than just join-irreducible elements, 
is natural. In the present section we study two examples that show that this 
complication is, indeed, necessary. 

Example 8.1. A finite, atomistic lattice in SUB without D-cycle that cannot be 
embedded atom-preservingly into any Co(T). 

Proof. Let P be the nine-element poset represented on the left hand side of Figure 1, 
together with order-convex subsets Pq, Pi, Pi, Qo, Qi, Qi- 

We let K be the set of all elements X of Co(P) such that p; e X <3> p\ G X, 
for all i < 3. It is obvious that K is a meet-subsemilattice of Co(P) which con- 
tains {0, P} U il, where SI = {P , Pi, P 2 , Qo, Qi, Q 2 }- We prove that if is a join- 
subsemilattice of Co(P). Indeed, for all i < 3, both pi and p\ are either maximal 
or minimal in P, hence, for all X, Y € Co(P), Pi E X V Y iff Pi € X U Y, and, 
similarly, p\ e X V Y iff p\ G X U Y . Hence X,Y E K implies that X V Y E K. 

Therefore, if is a sublattice of Co(P). It follows immediately that the atoms 
of K are the elements of f2, that K is atomistic, and the atoms of K satisfy the 
following relations (see the right half of Figure 1): 

Qo<PiVP 2 ; Qi<P VP 2 ; Q 2 <P VPi; 

Po i P V P 2 ; P a i P V P 2 ; P 2 £ P V P x . 
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Qi = Ui}, 

Q2 = {q 2 }- 




Figure 1. The poset P and the geometry of K. 

Hence, the sequence PqPiP 2 PoPi is a zigzag of length 5 (in the sense of [3]). It 
follows from this and the easy direction of the main theorem of [3] that K cannot 
be embedded atom-preservingly into any Co(T). □ 

By contrast, our second example is subdirectly irreducible, but it has D-cycles. 
We shall see in a subsequent paper ^H] that the latter condition is unavoidable, 
that is, any finite, subdirectly irreducible atomistic lattice without D-cycle that 
can be embedded into some Co(P) can be embedded atom-preservingly into some 
finite Co(P) without Z?-cycle. 

Example 8.2. A finite, atomistic, subdirectly irreducible lattice in SUB that can- 
not be embedded into Co(T), for any poset T , in an atom- preserving way. 

Proof. Let Q be the 12-element poset represented on the left hand side of Figure 2, 
together with order-convex subsets A, B, C, A' , B' , C 




O o 



/i -- \ nil, m \ 

A' = f a \ \ 

■B - fin, bit 




Figure 2. The poset Q and the geometry of L. 
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We let a be the anti-automorphism of Q defined by a(ai) = a\-i, cr(aQ = a' 1 _ i , 
a(bi) = bi-i, cr(6,-) = b[_ i , a(ci) = c\-i, er(c-) = c' 1 _ i , for all i < 2, and we let L be 
the set of all elements X of Co(Q) such that aX — X. It is obvious that L is a meet- 
subsemilattice of Co(Q) which contains {0, Q}Ufl, where f2 = {A, B, C, A', B' , C'}. 
We prove that L is a join-subsemilattice of Co(Q). Let X , Y £ L, we prove that 

Ivy ei. 

Since both a' and a[ are either maximal or minimal in Q, the equivalence a! i £ 
Xvy»a| elUF holds, for all i < 2, whence a' e X V Y ^ a[ £ X V Y. 
Similarly, b' Q <E X V Y <^ b[ <E X V Y and c' Q e X V Y <^ c[ e X W Y . 

Suppose now that o,q £ X V Y, we prove that ai £ X V Y. If ao £ X U Y this is 
obvious, so suppose that ao ^ X U Y. Without loss of generality, there are x £ X 
and y £ Y such that x <\ a$ <\ y, whence x £ {6^,61,0^,01} and y = a' . From 
Y £ L it follows that a'i £ Y, thus A' C F. Similarly, from X £ L it follows that 
either B C X or C C X or B' C X or C C X. K5C1, then 6 £ X, thus, since 
a'i < ai < 60 and ai £ Y, we obtain that a\ £ X V Y. If B' C X, then 6 £ X, thus, 
since < a\ < 6 and £ Y, we obtain again that 04 £ X V Y. Similar results 
hold for either CCIorC'CI. Therefore, a E XVY implies that ai £ X V Y. 
By symmetry, we obtain the converse. Similarly, 6o£XVY<^>&i E X V Y and 
c £ X V Y <^ ci £ X V Y. Therefore, X V Y belongs to i, which completes the 
proof that L is a sublattice of Co(Q). 

It follows immediately that the atoms of L are the elements of fl, that L is 
atomistic, and the atoms of L satisfy the following relations: 

A, B <A' V B'; A<A'vB; B < AW B'; 

B, C<B'VC'; B<B'VC; C<BWC"; 

A,C<A'vC; A<A'VC; C<AvC". 

Hence, L is subdirectly irreducible, with monolith (i.e., smallest nonzero congru- 
ence) the smallest congruence 0(0, A) identifying and A, also equal to 0(0, B) 
and to 9(0, C). Furthermore, the sequence A' B 1 C A' B' is a zigzag of length 5 (in 
the sense of It follows from this and the easy direction of the main theorem 
of [H] that L cannot be embedded atom-preservingly into any Co(T). □ 

9. Crowns in posets 
We first recall the following classical definition. 

Definition 9.1. For an integer n > 2, we denote by Z/nZ the set of integers 
modulo n. The n-crown C n is the poset with underlying set (Z/nZ) x {0, 1} and 
ordering defined by (i, 0), (i + 1, 0) < (i, 1), for all i £ Z/nZ. 

The crown C n is illustrated on Figure 3. 

We shall mostly deal with sub-crowns of posets. 

Definition 9.2. For n > 2 and a poset (T, <), a n-crown of T is a finite sequence 
{{ai, bi) I i £ Z/nZ) of elements ofTxT such that there exists an order-embedding 
/: C n ^T with f(i,0) — a, and f(i, 1) = &j, for all i £ Z/nZ. 

We shall sometimes identify an integer modulo n with its unique representative 
in {0, 1, . . . , 11 — 1} and a n-crown ((eij, bi) \ i £ Z/nZ) with the finite sequence 

((a , 6 ), (ai, 61), . . . , (a„_i, 6 n _i)). 

The following lemma makes it possible to identify crowns within posets. 
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Figure 3. The crown C, 



Lemma 9.3. Let (T, <) be a poset, let n > 3, cmrf Zei ai, bi (i G Z/nZ) &e elements 
of T . Then the following are equivalent: 

(i) ((a,,6j) | i G Z/nZ) is a n-crown. 

(ii) a 4 < 6j £ {j, j + 1}, /or a// i, j G Z/nZ. 

Proof. (i)=>(ii) is trivial. Conversely, suppose (ii) satisfied, we prove that / : C n T 
defined by f(i,0) — ai and f(i, 1) = &i, for all i G Z/nZ, is an order-embedding. 
We need to prove the following assertions: 

(i) a,i <j aj implies that i = j, for all i, j G Z/nZ. Indeed, if <jj < Oj, then 
«i < 6j, 6j_i (because ctj < bj, bj-\), thus, by assumption, i € {j, j + 1} n 
{j, j — 1} = {j} (we use here the inequality n > 3), that is, i = j. 

(ii) bi < 6j implies that j = j, for all i, j G Z/nZ. The proof is similar to the 
one of (i). 

(hi) &j < ai occurs for no i, j G Z/nZ. Indeed, suppose that 6 3 < a^. Then 6 3 < 
&i ; (because < &i, 6i-i), thus, by (ii), j = i = i — 1, a contradiction. 

This concludes the proof. □ 
Definition 9.4. A poset T is crown-free, if it has no n-crown for any n > 3. 

Strictly speaking, the 2-crown C2 is crown-free since we are requiring n > 3 in 
the definition above. The motivation why we are putting this slight restriction on n 
lies in the following observation. First, the poset of Figure 4(i) is tree-like, but it 
contains the 2-crown represented on Figure 4(ii); observe also that the n-crown, for 
any n > 2, is never tree-like. 

On the other hand, we shall now prove the following result. 

Proposition 9.5. Every tree-like poset is crown-free. 



As witnessed by the square 2 2 , the converse of Proposition 19 . 51 does not hold. 
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X 

(i) (n) 

Figure 4. A tree-like poset which contains the crown C2. 

Proof. Let (T, <j) be a tree-like poset. For x, y £ T, we denote by d(x, y) the length 
of the unique path from x to y if there is such a path, 00 otherwise. Observe that 
x < y implies that d(x, y) < 00 (but the converse does not hold as a rule), and then 
the unique path from x to y is oriented (see Section 
For a n-crown 7 = ((at, hi) \ i € Z/nZ) in T, we put 

£{i)= d ^)- 

ieZ/nZ 

Suppose that T has a n-crown, for some integer n > 3. We pick such a crown 
7 = ((a*, 6j) I i £ Z/nZ) with £(7) minimum. For all i 6 Z/nZ, we let 

Oi+1 = Vi,0 ~< Vi,l -<••■-< = &i 

be the paths from <Zj (resp., aj+i) to hi, where -< denotes the predecessor relation 
of T. 

Claim 1. {xi tP | < p < pi} fl {yi, q < q < qi} = 0, for all i £ Z/nZ. 

Proof of Claim. Suppose, to the contrary, that Xi >p = yi^ q for somep £ {0, . . . ,£>j— 1} 
and g G {0, . . . , — 1}. We put fc^ = for all j ' ^ i in Z/nZ, while 6^ = Xj. p . Since 
Oi, flj+i <3 6^, the condition k £ {7, I + 1} implies that < 6J, for all k, I £ Z/nZ. 
Conversely, let fc, Z £ Z/nZ such that a*; < 6J. From 6J < fe; it follows that afc < 6;, 
whence k £ {1,1+ 1}. By Lemma [9.31 the family 7' = ((ak,b' k ) \ k £ Z/nZ) is a 
n-crown. However, 

*(Y) <e(j)-( Pi -p)<eh), 

which contradicts the minimality of £(j). □ Claim 1. 

The proof of the following claim is symmetric. 
Claim 2. {y hq | < q < q t } n {afi+l,p I < p < p l+ i} = 0, for all i £ Z/nZ. 

We define a walk of T to be a finite sequence c = (co, c±, ■ • ■ , c m ) of elements 
of T such that either Cj -< Cj+i or Cj+i -< c$, for all i < m, we say then that c is a 
walk from Co to c m . Hence, a nonempty path of T is a walk with all distinct entries. 

Now we let d be the finite sequence defined by 

d = (x ,fc I < k < p )^ (y , qo -i I < I < qo)^(x^ k I < k < pi)" • • • 

■ • ■^(x n -i,k I < k < p n -i). 

It is obvious that d is a walk from xo.o = o-a to x n _i, Pn _ 1 = We shall now 

prove that d is a path. 

Suppose, indeed, that d is not a path. Then one of the following cases occurs. 
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Case 1. There are distinct i, j G TLjnL, together with k G {0,...,pi} and / £ 
{0, ...,pj}, such that Xi^k = Xj.i. Then ai < a^fe = Xj.i < frj, thus 
i £ {j, j + 1}, while Oj < i^j = x^k <3 6j, thus j £ {i, i + 1}. Since n > 3, 
we obtain that i = j, a contradiction. 

Case 2. There are distinct i, j £ (Z/nZ) \{n — 1}, together with fc £ {1, . . . , — 1} 
and Z £ {1, . . . , % ■ - 1}, such that y iik = y^j. Then a i+ i < = < bj, 
thus i G — while Oj+i < y^j = y i>k < bj, thus j G 
whence, since n > 3, i = j, a contradiction. 

Case 3. There are i G Z/nZ and j G (Z/nZ)\{n — 1}, together with k G {0, . . . ,pi} 
and / G {1, . . . , qj — 1}, such that x^k — yjj. Then from Claim^it follows 
that i ^ j, while from Claim [3 it follows that i ^ j + 1. On the other 
hand, <2j < x^fc = j/^y < bj, thus i G {j, j + 1}, a contradiction. 
Therefore, we have proved that d is, indeed, a path from ao to b n -\. However, 

the finite sequence 

d' = {yn-i,i < I < tfo-i) 
is a path from y n -i,o — a n — ao (the indices are modulo n) to 2/ n -i,g„_i — &n-i, 
thus, by the uniqueness of the path from ao to b n _x, d = d'. Thus every entry x 
of d satisfies that x < b„_i, in particular, bo = ^o.po — &n— ij a contradiction since 
n^l. □ 

10. A QUASI-IDENTITY FOR Co(T), FOR FINITE AND CROWN-FREE T 

Let (8) be the following lattice-theoretical quasi-identity: 

a < (a' V b) A (a' V c) & 6 < (6' V a) A (6' V c) & c < (c' V a) A (c' V 6) k 

& (a' A a) V (6' A 6) V (c' A c) V (a A 6) V (a A c) V (6 A c) < a' A 6' A d 

==> a < a'. 

It is inspired by Example 18.21 fsee Corollary 1 10.6fl . The main result of Section HU1 is 
the following. 

Theorem 10.1. Let (T, <) be a finite crown-free poset. Then Co(T) satisfies (8). 

Let us begin with an arbitrary (not necessarily finite, not necessarily crown-free) 
poset (T, <) and convex subsets A, B, C, A' , B' , C' of T that satisfy the premise 
of (6), that is, 

A C A' V B; AcA'vC; 

BCB'vi; B G B' V C; 

C C C" V A; CCC'vB; 
inA'CB'nC; Bfl5' C 4'n C"; cnc'a'nB'; 
AnBU'nB'; BnCcB'nC; Anca'nC. 

We shall put 1 = A \ A', B = B \ B', and C = C \ C". Observe that 

A n (B u c) = b n (A u c) = c n (A u b) = 0, 
ins = 4nc = Bnc = 0. 

We shall later perform a construction whose key argument is provided by the fol- 
lowing lemma. 
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Lemma 10.2. Let a G A and let a' G A 1 with a <] a'. Then there exists (6,6') G 
B x B' such that b' <b < a. 

Proof. Observe first that a G A C A' V B. Since a £ A' U B, there exists (a', 6) G 
A' x B such that either af < a < b or b < a < a'. In the first case, a' <3 a < a', 
thus, by the convexity of A', a G A', a contradiction; whence b <\ a. If 6 G -B', then 
6 G BOB' G A', but 6 < a < a', thus a G A', a contradiction; whence b E B. If 
there exists x E A with a; < 6, then, since 6 <] a, we obtain that 6 G A H B C A', a 
contradiction again. But 6 G £? C A V B 1 and 6 ^ B' , thus there exists 6' G -B' such 
that 6' < 6. □ 

In particular, we observe the following corollary. 

Corollary 10.3. The sets A, B , and C are either simultaneously empty or simul- 
taneously nonempty. 

Proof. If A is nonempty, we pick a G A. So a G A' V B while a ^ A' U B, thus there 
is (a', 6) G A' x B such that either 6 <J a < a' or a' <J a < 6. In the first case, we 
apply Lemma 110.21 to deduce that B ^ 0. In the second case, we apply the dual of 
Lemma Tl 0.21 to reach the same conclusion. □ 

Now we suppose that A is nonempty, and we pick ao G A. As in the proof 
of Corollary 111). 31 there exists a' G A' such that either a < a' or a' <\ a ; by 
replacing < with its dual if needed, we may assume without loss of generality that 
a < a . 

By Lemma 110.21 there are (6o, b' ) G B x B' and (ci,^) G C 1 x C such that 
6q < 6o < ao and <] ci < ao. By applying the dual of Lemma 21 to Cj < Ci, 
we obtain (bi,b[) E B x B' such that ci <1 bi < 6^. By applying Lemma flO. 21 to 
6i < 6' 1; we obtain (a2,a' 2 ) E A x A' such that a' 2 < a 2 < b±. By applying in the 
same fashion Lemma ll0.2l and its dual, we obtain (c 2 ,c' 2 ) G CxC", (63, 63} G B x B' , 
and (a 3 , a 3 ) G A x A' such that a2 < c 2 < c 2 , 6 3 < 63 < c 2 , and 63 < a 3 < a 3 . 

Now we observe that b' < 60 < ao < a Q and 6 3 < 6 3 < a 3 < a 3 , that is, we can 
start the process again. Arguing by induction, we obtain elements (oj, aj) £ A x A' 
for i ^ 1 (mod 3), elements (6^,6^) G £> x £?' for i ^ 2 (mod 3), and elements 
(cijc'j) G C* x C" for i ^ (mod 3) such that the following relations hold, for all 
i < uj: 



b 3i < b 3i < a 3i < 0-3i'i 

c' 3l+1 < c 3l+1 < 6 3l+ i < 6 3l+1 ; 

°3i+2 < a 3»+2 < C 3l+2 < C 3i+2 . 



(10.1) 
(10.2) 
(10.3) 



This can be illustrated by Figure 5. 
Now we define subsets of T as follows: 



^ + = {a-zi I i < U {6 3i+ i I i < uj} U {c 3i+2 | i < uj}; 
Q~ = {034+2 I i < lu} U {6 3l I i < U {c 3i+ i I i < uj}; 
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Figure 5. A pattern in T. 

Since A, B, and C are mutually disjoint and their union contains 57, we can define 
a map x '■ ^ ~* 3 by the rule 

[o (xeA), 

X(x) = ll (xeB), for all a; GO. 

1 2 (xed), 

Lemma 10.4. For all (x,y) G f2~ x Q + , x( x ) = xiv) implies that x ^ y. In 
particular, PI Sl + = 0. 

Proof. We need to prove that for all natural numbers i and j, the following inequal- 
ities hold: 

• a 3i+2 ^ o-3j- Otherwise, by I|1U.1|I and 11U.3|I . a' 3i+2 < a 3 i + 2 < a 3 ,-, thus 
031+2 a contradiction. 

• b 3i ^ &3j+i- Otherwise, by IjlO.f jl and (|f().2(l . b' 3i < 6 3i <a thus 
&3i £ B' , & contradiction. 

• c 3i+ i ^ c 3j +2. Otherwise, by l|10.2|l and (|10.3|l . c' 3i+1 < c 3l+ i < c 3j+2 , 
thus c 3 i+i G C", a contradiction. 

This concludes the proof. □ 

For an integer m > 2, we define a m-pre-crown to be a finite sequence ({xi,yi) \ 
i G Z/mZ) of elements of x Q + such that the following conditions hold, for all 

i G Z/mZ: 

(CI) Xi,x i+1 < yi, 

(C2) xi%i) X{xi+i) and x{Vi) / x(j/t+i) if * ^ m - !• 

If m = 2, then, by (CI), x ,a;i < yo,yi- Furth ermore, by (C2), x( x o) ^ x( x i), 
thus it follows from xq,xi < yo and Lemma fl().4l that x(uo) is the unique element 
of 3 \ {x( x o),x( x i)}- The same holds for x(Vi)i whence x(vo) = x(yi)i which 
contradicts (C2). Therefore, if there exists a m-pre-crown, then m > 3. 

We can now prove the main lemma of this section. 

Lemma 10.5. Suppose that T is crown-free. Then there are no pre-crowns in T. 

Proof. Otherwise, let m be the least positive integer such that there exists a m-pre- 
crown, and let c = ({xi,yi) \ i G Z/mZ) be such a pre-crown. As observed before, 
m > 3. By assumption on T, in order to get a contradiction, it suffices to prove 
that c is a crown of T. By (CI) and Lemma fa. 31 it suffices to prove that for all i, 
j G Z/mZ such that i ^ {j,j + 1}, the inequality Xi < yj does not hold. Suppose 
otherwise; by Lemma ri().4l Xi < yj. Two cases can occur. 
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Case 1. i < j. Then the finite sequence 

{(xi,yi), (x i+1 ,y i+1 ), . . . , (xj,yj)) 

is a (j — i + l)-pre-crown (see Figure 6(i)), with 1 < j — i < m — 1. By 
the minimality assumption on m, this cannot happen unless i = and 
j = m — 1, in which case i = j + 1 (modulo m as usual), a contradiction. 




Figure 6. Shorter pre-crowns. 

Case 2. j < i. Then the finite sequence 

({xi,yi-i),..., {x j+2 ,yj+i), (x j+1 ,yj)) 

is a (i — j)-pre-crown (see Figure 6(ii)), with 2 < i — j < m, which contra- 
dicts again the minimality of m. 
Hence c is a m-crown of T, a contradiction. □ 

Now we have all the necessary tools to conclude the proof of Thcorcm llO.il 

Proof of Theorem 110.11 Suppose that T is finite and crown-free. There are i < j 
such that bsi = baj. Then the finite sequence 

{{bsi, a^i), (czi+i, 631+1)7 ■ ■ ■ 7 ( a 3j-ij c 3j-i}} 
is a (3j — 3i)-pre-crown in T (see Figure 7), a contradiction. 




i>3i = &3j C3i+i 03^+2 a 3j-l 



Figure 7. A pre-crown in T. 

Hence we have proved that A = 0, that is, A C A'. Therefore, Co(T) satis- 
fies (9). □ 
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Corollary 10.6. Let Q be the finite poset and L the finite lattice of Examvle 18.21 
Then, although L embeds into Co(Q), there is no finite, tree-like poset R such 
that L embeds into Co(R). 

Proof. It follows from Proposition ^ . 51 that R is crown-free, thus, by Theorem llO.il 
Co(R) satisfies (9). On the other hand, the lattice L of Example 18.21 does not 
satisfy (0) (consider the atoms A, B, C, A', B' , C of L), therefore it cannot be 
embedded into Co(P). □ 

On the other hand, it follows from Theorem I7.7f iii) that if a finite lattice L 
without -D-cycle embeds into some Co(P), then it embeds into Co(R) for some 
finite, tree-like poset R. In the presence of P-cycles anything can happen, for 
example, take L — Co(4), the lattice of all order-convex subsets of a four-element 
chain; it embeds into Co(4) for the finite, tree-like poset 4, however it has P-cycles. 

11. Finite generation and word problem in SUB 

For a lattice term s(xi, . . . ,x„), a poset P, and convex subsets Xi, . . . , X n 
of P, we denote by s p (Xi, . . . , X n ) the evaluation of the term s(xi, . . . ,x„) at 
(Xi,..., X n ) in the lattice Co(P). 

The present section rests on the following lemma. Its proof is an easy induction 
argument on the length of s, that we leave to the reader. 

Lemma 11.1. Let n be a positive integer, let s(xi, . . . ,x n ) be a lattice term, and let 
X\, . . . , X n be convex subsets of a poset P. Then s p (Xi, . . . ,X n ) is the directed 
union of all subsets of the form s®(Xx HQ,..., X n n Q), for Q C P finite. 

As immediate corollaries, we get the following. 

Corollary 11.2. Let P be a poset. Any lattice-theoretical identity valid in all 
Co(Q), for Q a finite subset of P, is also valid in Co(P). 

Corollary 11.3. A lattice-theoretical identity is valid in SUB iff it holds in Co(P) 
for every finite poset P. 

Consequently, the variety SUB is generated by its finite members. By using the 
results of J. C. C. McKinsey we obtain the following consequence. 

Corollary 11.4. The word problem in the variety SUB is decidable. 

This means that it is decidable whether a given lattice identity s(xi, . . . , x m ) = 
t(xi, . . . , x m ) holds in all lattices of the form Co(P). A closer look at the proof of 
Lemma 111.11 shows that it is sufficient to verify whether the given identity holds 
in all Co(P) for |P| < n, where n is the supremum of the lengths of the terms s 
and t. 

12. Open problems 

We know that the class SUB is generated, as a variety, by its finite members 
(see Corollarv lll.3|) . We also know that any finite lattice in SUB can be embedded 
into some finite Co(P) (see Theorem 16.7(1 . Nevertheless we do not know whether 
the latter generate the whole gwasivariety. 

Problem 1. Is the class SUB generated, as a quasivariety, by its finite members? 
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Equivalently, does there exist a lattice quasi-identity that holds in all finite 
Co(P)-s but not in all Co(P)-s? 

Problem 2. Is the universal theory of all lattices of the form Co(P) decidable? 

A positive answer to Problem ^ would yield a positive answer to Problem [21 

Problem 3. Is the class C of all lattices that can be embedded into a product of 
the form YlieJ Co(Cj), where the Cj are chains, a variety? 

Problem is solved by the authors in [16| . 

Problem 4. Can the embedding problem of a lattice in SUB into some Co(P) be 
solved by a functor (that, say, sends any L to some Co(P))? Can such a functor 
be idempotent? 

Our next problem has a more computational nature. 

Problem 5. For each positive integer n, denote by £(n) the least positive integer 
such that every finite lattice L in SUB with n join-irreducible elements embeds into 
some Co(P), where |P| < £(n). Compute £(n), for all n > 0. Does £(n) = 0(n) 
as n goes to infinity? 

For a sublattice K of a finite lattice L, the inequality | J(i^)| < | J(Z>) | holds, 
see J] Lemma 2]. In particular, if a finite lattice L embeds into Co(P) for some 
finite poset P, then | J(L)| < |P|. By combining this with the result of Theorem l6.7l 
we obtain the inequalities 

n < £(n) < 2n 2 - 5n + 4. 
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